Abstract. We investigate nested square root formulas that evaluate to pi by two different methods. One method employs the continuous application of a recursive formula for an improved approximation of pi, while the other method mainly relies on the variation of the starting term of a recursion formula for an improved approximation of pi, after the application of a finite number of recursions. In consequence, we derive nested radical formulas convergent to 1 by the two methods.
Introduction
Over the years, numerous formulas for π have been generated,coming in different forms including infinite series and infinite nested radical expressions. An earlier formula which consists of products of nested radicals,
was proposed by Francois Vieta in 1592 [2] .
Servi [1] compiled a list of infinitely nested radical formulas of π which includes,
In this paper we establish a more general nested radical formula for π in the form,
from which the formulas in (2),(3),(4) and (5) are derivable for distinct m and s values of the starting term of recursion, where f (n) is a function of the number of square roots.k obviously improves in it's approximation by an increase in the number of nested square roots, hence the value of n. We also establish we could continuously improve the approximation of π by k by choosing particular values of m and s, for a constant n value.As a result of these methods we generate nested radical formulas convergent to 1 
Generation of pi by continuous recursions
By a geometric analysis of the arc length binding the sector of a circle of radius r, we define the circumference of a circle as,
where θ max ≡ 1rev, and 2y is the subtended angle of the sector. Let,
Using the half angle formula ,
Let,
Then,
From (10) and (15),
From (16) it is reasonable to assert that the limit expression,
holds.
For a starting term
We obtain the recursive formula,
where
Combining (18) and (19) into (8),
If we denote θ max in radians as 2πradians, we obtain the recursive formula,
Remark 2.1
Notice that an increment of n decreases the value of a n , such that a n tends to 2 as n → ∞. As stated in the previous section the given nested radical formulas in (21) and (23) evaluate to the constants π and 1 respectively by the application of an infinite number of recursions.
Generation of pi by variation of starting term
As we discuss another useful method of evaluating π which does not involve increasing n. infinitely, Let,
where s, m, d ∈ R + , and d > 0 Then,
Using Taylor expansion, increases as m increases, which corresponds to a reduction in the value of arccos(a 1 ), which equivalently achieves the same result, as the method employed in section 2, although at different rates. Given this significant result, we could evaluate pi with a minimum of two nested square roots,
and again considering θ max = 2πradians,
where s, m, d ∈ R + , and d > 0
Remark 3.1
Although the first method evaluates the value of pi faster than the second method, mainly because of the roles of the variables n and m in the first and second methods respectively. A combination of both methods will provide a powerful tool for a faster evaluation of pi than both individually. We could effectively combine both methods in the formula,
and 
Conclusion
We have derived nested radical formulas that evaluate to pi and 1 by employing two different methods-a method of continuous recursion and a method variation of the starting recursive term. We have shown how this methods work individually and the significance of combining both in the evaluation of pi and 1
